In the present study, we construct a nonlinear whistler wave model to explain the magnetic field spectra observed for lion roars in the Earth's magnetosheath region. We use two-fluid theory and semi-analytical approach to derive the dynamical equation of whistler wave propagating along the ambient magnetic field. We examine the magnetic field localization of parallel propagating whistler wave in the intermediate beta plasma applicable to the Earth's magnetosheath. In addition, we investigate spectral features of the magnetic field fluctuations and the spectral slope value. The magnetic field spectrum obtained by semi-analytical approach shows a spectral break point and becomes steeper at higher wave numbers. The observations of IMP 6 plasma waves and magnetometer experiment reveal the existence of short period magnetic field fluctuations in the magnetosheath. The observation shows the broadband spectrum with a spectral slope of −4.5 superimposed with a narrow band peak. The broadband fluctuations appear due to the energy cascades attributed by low-frequency magnetohydrodynamic modes, whereas, a narrow band peak is observed due to the short period lion roars bursts. The energy spectrum predicted by the present theoretical model shows a similar broadband spectrum in the wave number domain with a spectral slope of −3.2, however, it does not show any narrow band peak. Further, we present a comparison between theoretical energy spectrum and the observed spectral slope in the frequency domain. The present semi-analytical model provides exposure to the whistler wave turbulence in the Earth's magnetosheath.
Introduction
Amongst several plasma waves detected in the Earth's magnetosheath region, whistler waves are the dominant waves in a high-frequency range from 100 Hz to 1000 Hz. The study of magnetic field fluctuations in the Earth's magnetosheath has been of a great interest to understand the space plasma phenomena associated with the Earth's bow shock waves and magnetopause such as turbulence, particle acceleration in the boundary regions. Moreover, the interpretation of these processes ambiguously differs from one observation to the other observation mainly due to a continuous evolutionary state.
The magnetosheath plasma waves propagating nearly parallel to the ambient magnetic field referred as lion roars (as realized by wave packet) are first reported by Smith et al. (1967 Smith et al. ( , 1969 . Lion roars are identified as resonantly amplified whistler waves driven by thermal electrons due to temperature anisotropy (Smith et al. 1967 (Smith et al. , 1969 Smith and Tsurutani 1976) . These waves are intense, narrow band tones with magnetic field fluctuations in the frequency range 100-300 Hz. Due to nonlinear effects, their generation in the magnetosheath is generally reported as a complex mechanism. Throne and Tsurutani (Thorne and Tsurutani 1981; Tsurutani et al. 1982 ) study the generation mechanism for the magnetosheath lion roars on the basis of ISEE satellite observational data, and show that lion roars are generated due to an electron cyclotron instability caused by the presence of anisotropic magnetosheath electrons with perpendicular temperature greater than the parallel temperature. Moreover, long duration whistler waves with a lasting time of more than 5 minutes in the frequency range similar to the lion roars are observed by Rodriguez (1985) . Zhang et al. (1998) use the waveform capture instrument on-board Geotail (Nishida 1994) to study 20-300 Hz lion roars with a typical amplitude of 0.1 nT within the mirror mode (type A). Additionally, similar waves are observed without ambient magnetic field depletion close to the bow shock (type B). They observe only 30% of the lion roars (type A) related to a dip in the magnetic field. While type B waves do not show any correlation between the occurrence of lion roars and the ambient magnetic field. Furthermore, Tsurutani et al. (1982) discuss the source of free energy for the whistler mode waves. The shock compression plus magnetic field draping around the magnetosphere lead to a greater T ⊥ /T instability. The similar anisotropy is noted for the protons which results in the mirror instability. This mirror instability generates the lion roars propagating primarily along the magnetic field. The high density mirror mode waves guide whistlers by ducting, and thus the waves, in general, kept propagating in the parallel direction. Baumjohann et al. (1999) examine the high resolution data of 128 Hz from Equator-S magnetometer and investigate the waveform of the mirror mode through lion roars. Masood et al. (2006) for the first time compare the theory and data for the source region of lion roars that are not associated with the mirror waves. They suggest the source of lion roars can be local or remote, however, in the majority of the cases the source is somewhere close to the bow shock where the field is less compressed. Particle reflection at the bow shock and the ion foreshock accounts for the upstream sources of turbulence and free energy to initiate local instabilities.
It is worthwhile noting that the magnetospheric chorus is quite similar to whistler mode wave and is generated by an electron temperature anisotropy (Palmadesso and Papadopoulos 1979) . The waves are nearly parallel propagating and sometimes have coherent wave packets (Santolík et al. 2003; Tsurutani et al. 2009 Tsurutani et al. , 2011 at large angles (Goldstein and Tsurutani 1984) . This similarity between the chorus and lion roars has led many observers to believe that they are the same waves. Maksimovic et al. (2001) perform a spatio-temporal analysis of magnetic field fluctuations to determine the location of the source region, and characteristics of the magnetosheath lion roars. They discover several lion roars which propagate in opposite directions which is consistent with the study of Zhang et al. (1998) . In the light of above discussion, understanding of whistler turbulence in the presence of density fluctuations is not only important but also decisive in the context of nonlinear waves and turbulence in the solar wind plasma streaming outwards from the Sun (Bhattacharjee et al. 1998; Stawicki et al. 2005; Krafft and Volokitin 2003; Ng et al. 2003; Vocks et al. 2005; Gary et al. 2008; Saito et al. 2008; Dwivedi et al. 2012; Dwivedi and Sharma 2013) , magnetic reconnection in the Earth's magnetosphere (Wei et al. 2007; Sharma et al. 2010) , turbulence in the interstellar medium, which is stirred by violent events like supernova explosions (Burman 1975) , and astrophysical plasmas (Roth 2007) where characteristic fluctuations can naturally be of several astronomical units. A kinetic description is typically needed for high-β anisotropic conditions. Fluid theories provide crucial insight into the wave properties, magnetic field turbulence spectrum and corresponding spectral slopes, however, cannot describe plasma instabilities which arise at the kinetic scale and impart misleading wave characteristics.
Space turbulence is recognized as one of the most fundamental problem of plasma physics that has not yet been fully understood. Turbulence commonly occurs in the physical system of nonlinear dispersive waves. The energy transfer between waves occurs mostly among resonant sets of waves. In most of the cases, the nonlinearity is small and, therefore, dispersive wave interactions are weak. These mutual interactions among the waves are frequently described by the weak turbulence theory. The weak turbulence theory has been extensively developed between 1950 -1970 (Kadomtsev 1965 Sagdeev and Galeev 1969; Vedenov 1968; Davidson 1972; Hasegawa 1975; Akhiezer et al. 1975) to describe the transfer of energy between different frequencies with weak nonlinearities (Yoon 2000; Yoon et al. 2012 Yoon et al. , 2016 . Irrespective of the extensive application, the weak turbulence theory ignores particle response to the presence and mutual interaction of the waves. The strong turbulence theory, however, is qualitative since the basic equation cannot be analytically solved unless reduced to the Korteweg-de Vries or the nonlinear Schrödinger equation when closed solutions exist for the stationary state. These solutions describe solitary wave structures. These solitary structures trap high-frequency waves, but are themselves low frequency waves.
In the past, most of the studies focused on the observational aspects of the lion roars e.g. waveform, angle of propagation (Cornilleau-Wehrlin et al. 1997; Baumjohann et al. 1999; Smith and Tsurutani 1976) , frequency range (Smith and Tsurutani 1976) , and turbulence properties associated with the lion roars (Rodriguez 1985) . So far, very few studies, discussing the turbulence processes, spectral features of the magnetic fluctuations associated with lion roars and their comparison with the observational results in the light of known theoretical models are available. The work reported by Masood et al. (2006) and Qureshi et al. (2014) is mainly focused on the source region of the lion roars and on the generation mechanism. However, the prime intent of the present paper is to envisage the nonlinear turbulence mediated by whistler waves in the presence of density perturbations and to realize how the energy is being transported from large to small scale in the Earth's magnetosheath. Here, we propose a two-fluid model of a nonlinear whistler wave propagation to examine the magnetic field localized structures and energy spectrum in the presence of the ponderomotive force. The ponderomotive nonlinearity modifies the background density of plasma and creates a density channel. A semianalytical method is developed to solve the model equation and exemplify the wave localized structure due to ponderomotive nonlinearity. We also estimate the energy spectrum of the wave magnetic field and compare spectral index with the observational results (Rodriguez 1985) .
The paper is organized in the following sections: Section 2 presents intermediate steps of the derivation part of the dynamical equation of whistler wave, and a brief description of the adopted semi-analytical approach. Section 3 presents the results obtained by the semi-analytical approach and physical insights on the nonlinear processes leading to the turbulence in the magnetosheath region. Section 4 concludes with the results, limitations and future recommendations of the present work.
Two-fluid model and wave dynamics
In the present model, we consider homogeneous collisionless plasma consisting of ions and electrons. In order to analyze the nonlinear evolution of the whistlers, we adopt the two-fluid model of plasma for the steady state. We derive the dynamical equations that govern whistler wave propagation along the background magnetic field. The model equations are numerically solved to realize the turbulence spectrum.
Whistler wave coupled dynamics
We start with the wave equation for the electric field where the ambient magnetic field is along the z-axis, B 0 = B 0ẑ and the electric vector, E = E exp(iωt),
where is the dielectric tensor, and ω is the whistler frequency. The wave equations can be written in component form as,
We solve the wave equations with an assumption that the electric field variation along the background magnetic field (z-axis) is stronger than the variation in the xy-plane. The wave is thus, treated as transverse in the zeroth order approximation and no space charge is generated in the plasma ( ∇ · D) = 0.
We define two coupled modes as,
where E L and E R denote the left and right circularly polarized modes. Assuming E z smaller than E x and E y , and ∂ ∂y = 0, we eliminate E z in terms of E x and E y by using the z component of the wave equation. From Eqs. (2), (3) and (5), we get the equations for the left and right circularly polarized modes as,
where
ω(ω−ω ce ) , +00 , −00 are the linear part of the dielectric tensor. δn s = n e − n 0 , where n e is the perturbed number density, n 0 is the unperturbed background number density,
m e c is the electron cyclotron frequency, ω pe = 4πn 0 e 2 m e is the electron plasma frequency, and m e is the mass of electron.
As the main objective of the present work is to investigate the magnetic field turbulence spectrum of the whistler wave, which is right circularly polarized wave, we consider only right circularly polarized wave mode i.e. E R in Eq. (7) as,
Semi-analytical approach
We consider a generalized plane wave solution for Eq. (8) as, −00 andẼ is the wave amplitude. Substituting Eq. (9) in Eq. (8), we get,
We introduce an additional eikonal solution S(x),
and split Eq. (10) into real and imaginary parts as,
In order to obtain an analytical expression for the waves, we set a specific form using an assumption of Gaussian beam as,
where f 0 is the dimensionless beam width parameter for whistler wave and r 0 is the transverse scale of whistler wave. Both eikonal S(x) and phase β(z) are functions of the beam width parameter f 0 and the density variation δn s . In the limit of paraxial approximation i.e. x r 0 f 0 , we write the whistler wave dynamical equation in terms of beam width parameter f 0 with the help of Eqs. (12), and (14)- (16) (1 + −00 00
where R d = k r 2 0 . The first term on the right-hand side (RHS) of Eq. (17) is a diffraction term responsible for the divergence of the wave and the second nonlinear term is associated with the ponderomotive nonlinearity that accounts for the convergence of the wave. When both terms balance each other, the radial intensity distribution remains constant i.e. the wave propagates without convergence and divergence.
To elucidate the whistler wave localization due to linear wave propagation and refraction in the inhomogeneous plasma, we solve Eq. (17) 
Results and discussion
We use the fourth order Runge-Kutta method to solve the whistler wave dynamical equation. The initial value of the magnetic field of whistler wave is assumed greater than the critical magnetic field for establishing the filamentation instability. As a result, the converging force that arises due to the nonlinear term (the second term on RHS of Eq. (17)) starts dominating over the diverging force (diffraction term, the first term on RHS of Eq. (17)). The phenomenon leads to the development of localized structures of whistler wave. When the initial magnetic field of the whistler is greater than the critical magnetic field, the nonlinear term eventually takes control over the diffraction term and the magnitude of f 0 dwindle in the direction of propagation. After reaching the critical minimum, the diffraction term starts dominating and the magnitude of f 0 increases in the distance of propagation. However, when the nonlinear term has same magnitude as the diffraction term which governs by the finite transverse size and wave number, whistler wave propagates with a constant amplitude without converging and diverging and we get a self trapping mode. At maximum f 0 , once again nonlinear term starts dominating, and the phenomenon repeats. Figure 2 (a) reveals more insight on the whistler wave localized structure formation with a distance in the direction of propagation (z-axis), across x = 0 (where x is normalized by the transverse scale size r 0 of the wave). Figure 2(b) shows the localized structures of the whistler magnetic field intensity (where B 2 normalized by B 2 0 ) at different locations in xz-plane where x is normalized by the transverse scale size r 0 of the wave. The whistler wave attains a critical minimum value f 0 and the magnetic field intensity in these small structures gets amplified (B 2 /B 2 0 > 1) as shown in Fig. 2a and b . In the present study, the fluctuations in the background field are assumed strong i.e. B 2 /B 2 0 > 1 in contrast to the weak turbulence limit where the nonlinearities are assumed small and fluctuations on the background are weak i.e. B 2 /B 2 0 < 1 hence neglected. Figure 3 illustrates the whistler magnetic field power spectrum at x = 0 and the energy distribution over the different wave numbers. The magnetic field localized structures of whistler wave either lead to the decaying waves or act as a source for the further collapse of whistler wave. The magnetic field spectrum and spectral index of the whistler will consequently change. We interpret the energy distribution over the intermediate and high wave numbers due to the nonlinear interaction between ion acoustic and whistler wave modes. Moreover, the figure depicts a spectral break after which the spectrum becomes steeper with a spectral dependence of k −3.2 at higher wave numbers. Theoretically obtained energy spectrum demonstrates a similar behavior as the observed spectrum reported by Rodriguez (1985) at higher wave numbers. But no signature of the spectral peak N.K. Dwivedi, S. Singh in the simulated energy spectrum (at a larger scale) is obtained as it is observed by Rodriguez (1985) .
Semi-analytical model results

Comparison with the observational results
Lion roars are observed in the magnetosheath (Baumjohann et al. 1999 ) region and posses similar characteristics as the whistler wave found in the dawn side equatorial magnetosphere (Baumjohann et al. 2000) . Rodriguez (1985) investigated the short-period magnetic field fluctuations in the Earth's magnetosheath and reported broadband turbulence spectrum with a spectral index of −4.5. A narrow-band frequency peak is superimposed on the broadband spectrum, which is a realization of short period lion roars bursts. Note that the observed broadband turbulence spectrum is in the frequency domain, whilst, the whistler wave turbulence spectrum estimated in the present work using the frame of two-fluid approximation is in the wave number domain. To perform a direct comparison between the simulated turbulence spectrum and the observational spectrum (Rodriguez 1985) , the spectral slope needs to be derived in the frequency domain. We propose an analytical scenario and utilize the dispersion relation of whistler wave propagating along the magnetic field to obtain the spectral slope value in the frequency domain.
Dispersion relation of whistler wave is given as (Biskamp et al. 1996) ,
where ω is the frequency of the whistler wave, Ω e is electron gyro-frequency, ω pe electron plasma frequency, k wave number, and c is the light speed. For parallel propagating whistler wave, we can simplify the dispersion relation as,
where k denotes the parallel wave number. We use the dispersion relation to compute magnetic field spectrum in the frequency domain,
where C is a constant, and α is the spectral slope value. We find the spectral slope of the theoretical whistler turbulence spectrum −5.4, which is relatively steeper than the observational broadband spectrum of spectral slope −4.5. Figure 4 shows a schematic illustration of the short period lion roars turbulence spectrum, the observational whistler wave broadband spectrum, and the theoretically predicted whistler wave turbulence spectrum in the frequency domain. We utilize this plot to highlight the main observations that emerge from the comparison between the observational and theoretical spectral slopes. Note that this illustration is merely a schematic plot with arbitrary tick labels. It can be noticed that the spectral knee is absent from the both, observational and theoretical, whistler wave turbulence spectrum, unlike the lion roars turbulence spectrum, which clearly indicates a sharp peak at a lower frequency. The present study infers that the two-fluid whistler wave model can reasonably explain the magnetic field spectra and the corresponding spectral slope values as observed by IMP6 plasma waves and magnetometer experiment (Rodriguez 1985) .
Conclusion
We present a two-fluid steady state model to investigate the turbulence properties in Earth's magnetosheath due to the nonlinear spatial evolution of whistler waves. The energy spectrum obtained from the present model shows a spectral break and becomes steeper at a higher wave number side with a spectral slope of −3.2. The semi-analytical results provide important physical insights. The localization and delocalization of the wave in the direction of propagation imply that undergoing filamentation instability leads to the magnetosheath plasma turbulence. In addition, comparison of the theoretical model results with the observational data provides a good evidence in support of the present twofluid model to investigate steady state self-focusing whistler waves. Nevertheless, it is imperative to investigate the magnetic field fluctuations and turbulence evolution with time for a better prediction of the magnetosheath turbulence properties. Based on the present study, research work focusing on transient turbulence effects is under way and will be reported separately in the near future.
